The free energy, non-gradient terms of the Ginzburg-Landau expansion, and the jump of the specific heat of a multiband anisotropic-gap BCS superconductor are derived in the framework of a separable-kernel approximation. Results for a two-band superconductor, d-wave superconductor, and some recent models for MgB 2 are derived as special cases.
Introduction
The Landau theory of second-order phase transitions 1 and its realization for superconductors, the Ginzburg-Landau (GL) gauge theory, 2 can be classified as belonging to the most illuminating theoretical achievements in XX-century physics. The basic concepts advanced in these theories often find applications in interdisciplinary fields. The microscopic Bardeen-Cooper-Schrieffer (BCS) theory 3 makes it possible to calculate the parameters of the GL theory. Thus the phenomenology of superconductivity can be reliably derived should the parameters of the microscopic Hamiltonian are specified. Such a scheme ensures that there is no missing link between the microscopic theory and the material properties of the superconductors. However, we are unaware for a general microscopic derivation of the GL coefficients in the very important case of an anisotropic-gap superconductors with arbitrary band dispersion. The purpose of this paper is to derive the non-gradient terms of the GL expansion in this general case and to compare the general formulae with the results from model calculations: the Gor'kov GL expansion 4 for a parabolic dispersion and an isotropic gap, the case for a d-wave two-dimensional superconductor,
where
are the quasiparticle energies, and the Fermi filling factors, respectively, k B being the Boltzmann constant, and T the temperature. The summation over the band index b ′ is restricted to the partially filled (metallic) bands, comprising sheets of the Fermi surface.
Generally, the BCS gap equation requires numerical treatment, but for the special class of separable kernels V it can be reduced to a transcendental equation. This is the main reason the gap symmetry of some exotic high-T c superconductors to be addressed on the basis of model separable kernels. For specific paring mechanisms, however, it can be shown 6 that the interaction kernel is of separable form. Often more simple model estimates result in a sum of such separable potentials. Thereof, as a next step we make the separability ansatz for the pairing interaction kernel
† As usual it is convenient to work at fixed chemical potential µ and introduceĤ ′ 0 =Ĥ 0 − µN , whereN is the quasi-particle number operator.
where G is a parameter, characteristic for the pairing interaction process, and the momentum dependence is determined by the (generally complex-valued) anisotropy function χ b,p . Due to the separable form of the BCS kernel (4) the temperature and momentum dependences of the gap also factorize,
Substituting this expression into Eq. (2) and passing from summation (for N → ∞) to integration according to the general rule in the D-dimensional case
we obtain a simple equation for the temperature dependence of the gap,
where the quasiparticle spectrum in expanded form reads
with E F ≡ µ being the Fermi energy. For the ease of the following discussion we shall consider the simplest case of a single band and suppress the band index. This does not entail any restriction on the generality of the derivation.
Thermodynamic properties
In order to implement the GL idea for representing the free energy as a function of the superconducting order parameter, F (Ξ), we shall employ the BogoliubovValatin variational approach. 7, 8 Let us recall the main framework of this standard procedure. As a first step one carries out a transformation of the variables, introducing new Fermi operators (for simplicity we will consider real kernels but the appropriate generalization can be easily performed):
Defining the BCS ground state
it is easily verified that
The superconducting gap function is then used for a suitable parameterization of the θ p angle,
Denoting
it is straightforward to verify that the condensation amplitude 2u p v p and coherence factor u
Within the self-consistent BCS approximation theψ-"particles" can be considered as noninteracting, and their thermal-averaged number and entropy are given by the familiar expressions, respectively,
Similarly, substituting in Eq. (1) ĉ † p↑
we obtain for the expectation value of the reduced Hamiltonian with respect to BCS ground state (10)
The minimization of the free energy
with respect to ∆ p leads to the gap equation (7). Then the substitution of the so obtained gap in Eq. (18) gives the desired form of the minimal free energy. It should be noted that in order for us to derive the free energy as a function of the order parameter, F (Ξ), we have to use Eq. (5) as ansatz, thereby considering the order parameter Ξ as an independent variable for a fixed momentum dependence of the gap function ∆ p = Ξχ p . Thus, the desired function F (Ξ, T ) is obtained from Eq. (18) by substituting the expression for the averaged energy, Eq. (17), and that for the entropy, Eq. (15), which can be also rewritten in the form
The self-consistent BCS approximation gives an analytical dependence on the order parameter and the Taylor expansion provides the coefficients in the GL functional per unit cell
which is often a satisfactory approximation even far from the critical temperature. Let us mention that close to T c
The order parameter Ξ, being complex in the general case, is proportional GL effective wave function, while η is proportional to the superfluid density.
A straightforward way to obtain the a 0 and b coefficients is to compare the variations with respect to η of the microscopic expression (18) and the GL expansion (20). Introducing the notation β = 1/k B T the former reads
Furthermore, introducing the functions
Eq. (22) can be cast in the compact form
Notice that the extremum condition of (25), 1−GA(η, T ) = 0, gives the gap equation (7) . Now varying Eq. (20) with respect to η and comparing with Eq. (25) we find
where we have made use of the identity B(0, T c ) = A(0, T c ) = 1/G. Thus, Eq. (20) with Eqs. (21), (23), (24), and (26) provide the complete set of equations which determines the GL free energy of an anisotropic-gap superconductor.
We shall proceed now with working out explicit expressions on the basis of the general relations (26). Taking the corresponding derivatives of A(η, T ) the a 0 and b coefficients read
An expedient approach for calculating the quasimomentum averages in Eq. (27) exploits the fact that the integrands in the momentum-space integrals exhibit sharp maxima at the Fermi surface ε p = E F . Thus, within acceptable accuracy, one can carry out an integration along the normal to the Fermi surface whereupon ν p may take on values in the interval ±∞, while the longitudinal quasimomentum component p varies negligibly. Taking into account the numerical values of the integral,
where ζ(m) is the Riemann zeta function, ‡ we obtain the desired form
constituting the main result of the present study. For the momentum-space integrals over the Fermi surface which appear in Eq. (30) we use the notation
where dS b,p is an infinitesimal surface element of the (eventually fragmented) Fermi surface sheet of the bth energy band, and v b,p = |∇ p ε b,p | is the quasiparticle "velocity" which according to the present convention has dimension of energy. Conversion to the true velocity can be performed by multiplying the (dimensionless) quasimomentum by /a, where a is the lattice constant. For a conventional electron-phonon ‡ This result is easily obtained by employing the infinite series representation tanh(x/2) = 4x ∞ n=0 π 2 (2n + 1) 2 + x 2 −1 , and recalling the relation between the Hurwitz and the Riemann zeta functions, respectively, ζ(m, pairing mechanism the isotropic gap, χ p ≡ 1, is often a reasonable approximation. Thereby averaging in Eq. (30) results in the density of states (per spin orientation α) at the Fermi level ρ = 1 F . In this important case the general formulae are in agreement with the classical results by Gor'kov 4 (in particular, cf. Eq. (11) in Ref. 4) . Equation (30) can be heuristically deduced from the isotropic case inserting moments of the anisotropy function χ p in the appropriate places.
In thermodynamics of second-order phase transitions the ratio of the GL coefficients a 0 and b determines the jump of the specific heat 1 per unit cell at the critical temperature, so for superconductors
where C s is the specific heat of the superconducting phase, and C n /N | T =Tc = 2π 2 T c ρ F /3 is the normal-phase specific heat per unit cell at T c , with ρ F = 2 1 F ; the factor 2 takes into account the spin degeneracy of the normal paramagnetic phase.
Substituting Eq. (30) into (32), and taking into account that the order parameter Ξ is not affected by momentum averaging, one finds the general expression for the relative jump of the specific heat of an anisotropic gap superconductor
the latter being the universal BCS ratio. § Note that β ∆ is similar to the Abrikosov's parameter 11 β A .
Applications

Jump of the specific heat for layered cuprates
Often in model estimates for layered cuprates one postulates the following functional form of the gap anisotropy
where φ p = arctan(p y /p x ). In the case of a parabolic dispersion, ε p ∝ p 2 , averaging in Eq. (33) is straightforward and yields
This value should be considered as a lower-bound estimate for 1/β ∆ as the Fermi velocity is minimal where the superconducting gap is maximal. Consistent with that, for a realistic band dispersion 19 and gap anisotropy 6 the reduction factor may well reach 1/β ∆ = 0.8. 9 The dash-dotted line is our analytical solution, 13 Eq. (35), for the model by Haas and Maki. 12 The dashed line is the jump ratio ∆C/Cn = 0.82 ± 10% measured by Wang, Plackowski, and Junod, 10 with the shaded area showing the experimental error bar.
Jump of the specific heat for MgB 2
In a very recent e-print Posazhennikova, Dahm and Maki 9 discuss a model for the gap anisotropy in MgB 2 , a material which has attracted a lot of attention from condensed matter physicists in the past two years. A central issue in this work 9 is to propose an analytic model for analyzing thermodynamic behavior. Assuming a spherical Fermi surface, a simple gap anisotropy function is suggested, ∆(p) = ∆ e / √ 1 + Az 2 , where z = cos θ, and θ is the polar angle. This model leads to useful results for the temperature dependence of the upper critical field H c2 and of the specific heat, which can be fitted to the experimental data, thereby determining the optimal anisotropy parameter A. Note that A = (∆ e /∆ p ) 2 −1, with ∆ p = ∆(z = 1) and ∆ e = ∆(z = 0), and the gap ratio is parameterized as ∆ e /∆ p = √ 1 + A > 0. We shall now apply the general results obtained in Sec. 3 to derive a convenient analytical expression giving the possibility for determining ∆ e /∆ p from the available data for the jump of the specific heat.
10 Following the weak-coupling BCS approach, 9,12 from Eq. (33) we find for A > 0, and −1 < A < 0, respectively,
For a given specific heat jump, this expression leads to two solutions (oblate, ∆ e /∆ p > 1, and prolate, ∆ e /∆ p < 1). The relevant example is shown in Fig. 1 . 
has a maximum at p z = 0. This general qualitative conclusion is in agreement with the hints from band calculations that the maximal order parameter is concentrated in an almost two-dimensional electron band, but all bands ε b,p contribute to C n /N .
In another paper Haas and Maki 12 considered the model gap anisotropy ∆ ∝ 1 + az 2 for which similar calculation gives
This model, however, cannot explain the significant reduction of ∆C/C n for realistic values of the gap anisotropy. 
and ρ 1 and ρ 2 are the densities of states for the two bands. Taking for an illustration x = 0.515 and ∆C/C n = 0.82, Eq. (36) gives ∆ 1 /∆ 2 ≈ 4.0 in agreement with ∆ e /∆ p ≈ 4.0 obtained using Eq. (34). Thus, the gap ratios are partially modelindependent. For a survey on a set of parameters see Table I in Ref. 18 . Certainly the jump of the specific heat cannot alone be an arbiter for the validity of any model, so subtleties, e.g., related to strong coupling effects and other anisotropies, can be hidden in the spread of the parameters in the table mentioned.
As we have aimed here on methodological aspects as well, it is beyond the scope of this work to analyze in detail different experimental data and the theoretical fits to them. Nonetheless we shall mention that the two-band model with isotropic gaps better agrees with the experimental data for MgB 2 compared to other proposed models, but it would be premature to make any final judgment.
Summary
As important cases we considered some models used for MgB 2 and coper-oxide superconductors. There are no doubts that this approach can be applied to borocarbides and, eventually with some appropriate modifications, to heavy-fermion superconductors as well. Thus the next problem set in the agenda is the derivation of the parameters of the Ginzburg-Landau theory within the framework of the Eliashberg model.
